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In this paper the following theorem is proved
Theorcm. Let Z1"°°’Zk denote arbitrary n x m matrices (m = n)

and let A denote a positive definite n x n matrix. Then for the k x k
matrices 2.'A Zg (rys=1;e00,k)
we prove
N 7 ? ly >
gss (det (Ar A ZS)) z 0.

o

For the proof of the theorem a process is introduced which will be
called m—~compoundification.
If B is an arbitrary p x q matrix and m a positive integer sp and

£ g, then the m-compound matrix B<m) of B is a (g)x(%) matrix, the
elements of which are all vossible minors of B of order m; thus any
element bi(m) of B(m is an m x m minor of B in which elements of the

J
th th th . th

i v e w i ‘.}’ i o ¢ o i i “oae
1 yi,  row (with i, < < 1m) and  J, 7, ., column

(with Jq < eee < jm) of B occur. The elements bi(m> are ordered in

J
such a way that 1 < k 1f thc set Lpdoseeosdy preceeds K Kyaooosk

lexicographically and J<1 if j1, v "jm preceeds 11""’lm lexico--
graphically 1).
Consequences of this procedure are

¢ In the elenmcnts bigm) only elements of the i1th,,..,imth row and

y . T . . . .
of the :'L1Jl’1'l,...,1mt‘l column of B occur, hence bi§m> ig a principal minor

10

of B and may be denoted by (11’°‘°9im)°

2°; If onc of the intcgers p and g, say p, is equal to m, then

B(m> ig a 1 X (%) matrix hcnce a vector. In this casc the elements
of B(m can be denotecd by bi(m) (i=1,e°,,(%)).

. : . + '
Not every vector with (%) components can be considercd as an m hoom-

pound of an m x g matrix. This is thce case when and only when its com-
poncnts satisfy the wellknown p—rulationsoz)

We now prove

Lemma. 1. If A is a positive definitce p x p matrix, then its m-compound

- lConfer A.C.aitken, Deturminants and matrices, Chapter V, p.90.
; Confer R.Wcitzenbock, Invariantentheorie, p.116,117,85.
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A(m) (where m s p)  is also a positive inite o i
= positive definite matrix.
Proof: e prove the lemma by induction on Do
For p=1 the lemma is obvious, since then m=1 and A(m)=A.
Now suppose¢ the leuma holds for p~1 and arbitrary m = p-1-

#e then prove it for p,i.c. we show that the m-compound A(m) of a
P X p matrix A(m> is positive definite. It is sufficient to show that the
principal minors Ah(m) of A(m> (h=1,. -~9(£)) are > 0; herc Ah(m>
is the principal minor containing clemcnts of the

(£)~h+1t% ﬁ)—h+2th,.. .,(ﬁ)th row(and column) of A(m).
Now two cases arc considercd

0 -1
177: h = (pm )« Then, duc to the lexicographical order of the clements

of A(m> in the principal minor Ah(m> of A(m), in all clements only ele-

ments of the an,0009pth row (and column) of A occur, hence Ah(m) is
?a principal minor of qum) shere A11 denotes the minor of 241 in A.

ﬁSince A is positive definite also the principal minor A11 of A 1is po-
8itive definite. This minor A,1 being of order p-1 by the induction

‘hypothesis we infer that A1gmj > 0.

2% n s (p%1)a Then thosec m x m minors of A which occur in the comple-

(1)

5mentary minor of Ah contain clements of the first row ( and column)

of A. Now by TFrankec's theorem 3) the identity

Ah(m) = la ‘ ¢ holds, where c = h_(p;T)

rs

ana ywhere M is the cowplenentary uinor in the adgngate"@f_uA(m).

Dy the above reuark the elecents of M are minors of A in which
neither elements of the first row nor clements of the first column of A
occur. Hence 11 is a principal minor of Aqu—m) and as before by induc-
‘tion hypothesis we have M > 0. Since A is positive definite we get

]ar8]>-O, hence A (m) > 0O,

h
Terma 2. If Vis an n x m matrix gm = n) and if A is an n x n matrix,
| , 1 1
‘then for the m-compounds (i) and A n) one has

dot (V'A V) = V‘(m)A(m>V<m).
Proof. By a theorcem of Binet-Cauchy 4) on compound matrices from C = AB
it follows thas ol®)- Alm () gonee
o (m) g () (m) (V'Av)(m) = det (V'AV), beeause V'AV is an
mx | omatirix.

3y confer A.C.Aitken, loce.cit.,p.100
4) Confer A.C.aitken, loc.cit.,p.93



We now proceed To prove the above theorem on matrices A,Z1,...,Zk.
Since A is positive definite, by lemma 1 also A(m) iz positive definite

n )

hence for any (m) x 1 matriz V one¢ has
m
V'A(“)V = 0,

. . ()
Taking V= 2 A2t

T=1

one gets for all real xq,,u.,ky

k
go(m) () 5 Ga) o
PN VAN A VA z O,

"o5=1 8
. X () ,(m) (m)y -
henee det( Z.), A Z ) = 0.
Then by lemma 2 one obtains
gﬁf(dct(Z£ A ZS)) z 0,

It is not without interest to investigate some cases in which the last
relation is an cquality. Now since in lemma 1 the matrix A(m) was oro -
ved to be positive definite, this can only occur if V=0, i.e. 1if

k
. 5 {m
(1) ;; Ay Zr(‘> = 0 (NyyeewsA, nOt all =0)
Now we denote the m columns (m x 1 submatricos) of Zr by Zq s s B

(r=1,...,k), which w¢ inturprcteas points in a projective space Gm
- il

of m-1 dimcnsions. The lincar space gencrzted DY 2 5000,3 will be

r rm

denoted by X (r=1,...,m).

Now obviously the rclation (1) is equivalent to the relation
k
(2) L2 (2o e o By g - uy) = 0

r=1

hoere U qseee sty denote arbitrary points of G, ifurther

Z . e u R denotes the determinant the columns of
( 1 Z 0 Vs un) enote he determina s

which arc =z_ .. S b R
h r

“Zrn Y1’ n
¢ further rewark that if the relation (w1-. Sy Uy g ..un) =0

holds for arbitrary Up g - -u the points Wgge ey belong to a

n’
}h~1’ and converscly.

e discuss the rclation (2) for some valucs of k.

I. k= 1. Then 21(m) = 0, hunce all m x 1 minors of Z.l are = O,
hence the points ZyqeeeraBq, are lincar depcendent and so belong to
. . , ~ 1l
2 Gm 1 Converscely if these m points belong to a Gm—1’ then 41( >= 0.

II. k = 2. YWe¢ may supoose that both X1 and X2 arc Gm‘s, for otherwisc

m¢ arc in case I. Hemce AN, = 0.
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In the case n > m in (2) with k=2 we put Upeq = Zqg (FL=1,00.,H)'

Then it follows that 2z, € X, , hence
w2 -
X1 < X2, conseguently X1 = X2, In the case n = m onc has X1 = XE ’
since both arc equal to the whole space G-
Conversely if tho Gm‘s X1 and I, arc cqual, then there exists an
m X m matrix T such that

Z zZ,T,

2 T N
hence by lemma 2

Z2(m) _ 21(m>T(m),

where T(m) is a scalar this proves (1).
III. k = 3. V¢ may supposc that A1,XQ and X3 arc Gm's and moreover
that X, # Xy 4 %, # X3 44 # 4, , for othirwisc we are cither in casc
I or in casc II. k
Hence ST £ 0 and n > m. Since X. # X, there exists a point x in

<
X3 which does not belong to X
substituting u

1‘
= x in (2) we infur

T+ 1
(3) K1<Z11’ CoPqm Ui ‘un)+%2(221“““’z2m £ Upype ‘un) =0
for arbitrary Woips oooU,e I x would belong to X, then we would get
>‘1(Z11‘ CoEqp X um+2°‘°un) = 0,

henee  xe X, on account of A, # 0. Thus x gLy

Then applying case I on the relation (3) uscd with m+1 in stead of

m we¢ £ind that the two G

m+1‘s generated by x and X1 and by x and X2

arc cgual. Conscquently by a well known theorem the interscction S of

X1 and X2 is a Gm 1 Substituting Upeq = S in (2), wherc s is an arbi--
- “r
trary point of O we infer
A N . -~ 7 - ve oo =O
3(234 Z3m S Va2 up)

for arbitrary u U, hcnece s e X3 on account of KB £ 0.

m+2 "’ n

al

Conscquuently S« X3 o

(&

The above G contains S and morcover x. Obviously x ¢ S. Consequently

m+ 1

the intcrscection of this G and the Gm generated by x and S is a G

m+ 1 m

and this Gm = X3 since X e XB’ S c K3e

0 in this casc ILil wo find that thc intorsection of X1,X2 and X3 is
a Gm—1 and their union is a Gm+1‘
Converscly if orye and X3 arc Gm's and arc mutually different and if

-

o

their intcrscetion S is a G 4 and thelr Union R is a G
holds with k = 3.
To prove this rcsult we choose m-1 lincar indepcendent points s

1» then (1)

1,eooysm-1
in 8. Let a belong to K1 but not to S, lct 25 belong to X?, but not

to S. Sincc tho G2 generatoed by a, and 25 .nd XB(WhiCh is a Gm) belong
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to R{which is a G.q) the intirscetion of G, and Xy is a G,. Hence
therce cxists a point 8y in X3 such that v

fBy F poBy tpgay = 0 puppy £ 0
Lot A, denote the matrix with columns s,. - S 4 a, (r=1,2,3)
Then we have

Mahq + ok, +,z,L3A3 = 0.

%Furthcr thirce exist nonsingular matrices Tr such that
| A, = ZrTr (r=1,2,3).
Hence

gy Ty + 5251, +/4323T3 = 0.

Again using lemme 2 and the fact that Tr(m) is a scalar #£ 0 (r=1,2,3)
we get
7\1z1<m) + Azzz(m) + ;\323(111) = 0,

whoere
i 7\]:« :/u‘rTr(m) )’é 0 (I’:19273)°



